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Abstract
Due to the exponential high gravitational red shift near the event horizon of a black hole, it
might appear that the Hawking radiation would be highly sensitive to some unknown high energy
physics. To study effects of any unknown physics at the Planck scale on the Hawking radiation,
the dispersive field theory models have been proposed, which are variations of Unruh’s sonic black
hole analogy. In this paper, we use the Hamilton-Jacobi method to investigate the dispersive field
theory models. The preferred frame is the free-fall frame of the black hole. The dispersion relation
adopted agrees with the relativistic one at low energy but is modified near the Planck mass mp.
The corrections to the Hawking temperature are calculated for massive and charged particles to
O (m−2p ) and neutral and massless particles with λ = 0 to all orders. The Hawking temperature of
radiation agrees with the standard one at the leading order. After the spectrum of radiation near
the horizon is obtained, we use the brick wall model to compute the thermal entropy of a massless
scalar field near the horizon of a 4D spherically symmetric black hole and a 2D one. Finally, the
luminosity of a Schwarzschild black hole is calculated by using the geometric optics approximation.
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I. INTRODUCTION
Soon after Stephen Hawking demonstrated that quantum effects could allow black holes
to radiate a thermal flux of quantum particles[1], it was realized that there was the trans-
Planckian problem with the calculation[2]. Hawking radiation appears to come from the
modes with huge initial frequencies, well beyond the Planck mass mp, which experience
exponential high gravitational red-shifting near the horizon. So the Hawking radiation
relies on the validity of quantum field theory in curved spacetime to arbitrary high energies.
On the other hand, quantum field theory is considered more like an effective field theory of
an underlying theory whose nature remains unknown. This observation poses the question
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of whether any unknown physics at the Planck scale could strongly influence the Hawking
radiation.
To study the trans-Planckian problem, a hydrodynamic analogue of a black hole radiation
was considered[3]. Following the Unruh’s work, there have been a lot of studies to understand
the dispersive field theory models[3–13], which focused on studying the effect on the Hawking
radiation due to modifications of the dispersion relations of matter fields at high energies.
Similar to the original method for deriving the Hawking radiation, the energy fluxes for
outgoing radiation were usually obtained by calculating the Bogoliubov transformations
between the initial and final states of incoming and outgoing radiation. In most works, the
Hawking effect could be recovered at leading order under some suitable assumptions, which
have been briefly reviewed in [14, 15].
After the Hawking’s original derivation, there have been some other methods proposed to
understand the Hawking radiation. Recently, a semiclassical method of modeling Hawking
radiation as a tunneling process has been developed and attracted a lot of attention. This
method was first proposed by Kraus and Wilczek[16, 17], which is known as the null geodesic
method. They employed the dynamical geometry approach to calculate the imaginary part
of the action for the tunneling process of s-wave emission across the horizon and related it
to the Hawking temperature. Later, the tunneling behaviors of particles were investigated
using the Hamilton-Jacobi method[18–20]. In the Hamilton-Jacobi method, one ignores
the self-gravitation of emitted particles and assumes that its action satisfies the relativistic
Hamilton-Jacobi equation. The tunneling probability for the classically forbidden trajectory
from inside to outside the horizon is obtained by using the Hamilton-Jacobi equation to
calculate the imaginary part of the action for the tunneling process. Using the null geodesic
method and Hamilton-Jacobi method, much fruit has been achieved[21–32]. Furthermore,
the effects of quantum gravity on the Hawking radiation have been discussed in the Hamilton-
Jacobi method. In fact, the minimal length deformed Hamilton-Jacobi equation for fermions
in curved spacetime have been introduced and the modified Hawking temperatures have been
derived[33–38]. These have motivated us to use the Hamilton-Jacobi method to study the
dispersive field theory models[39]. In this paper, we focus on the dispersive models with the
free-fall preferred fame, whereas those with the static preferred fame have been studied in
[39].
The remainder of our paper is organized as follows. In section II, the deformed Hamilton-
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Jacobi equations are derived for the dispersive models with the free-fall preferred frame. We
then solve the deformed Hamilton-Jacobi equations to obtain tunneling rates for massive
and charged particles to O (m−2p ) and massless and neutral particles to all orders. The
thermal entropy of a massless scalar field near the horizon is computed in section III using
the brick wall model. In section IV, we calculate the luminosity of a Schwarzschild black
hole with the massM ≫ mp. Section V is devoted to our conclusion. Throughout the paper
we take Geometrized units c = G = 1, where the Planck constant ~ is square of the Planck
mass mp.
II. DEFORMED HAMILTON-JACOBI METHOD
In this section, we first derive the deformed Hamilton-Jacobi equation incorporating the
modified dispersion relation (MDR) assuming that the preferred reference frame is the free-
fall frame. We then solve the deformed Hamilton-Jacobi equation for the imaginary part
of I which gives the tunneling rate Γ across the event horizon. We consider two cases, a
massive and charged particle to O (m−2p ) and a neutral and massless particle with λ = 0 to
all orders.
A. Deformed Hamilton-Jacobi Equation
To study the deformed Hamilton-Jacobi method incorporating the MDR for the Hawking
radiation, one first needs to choose the form of MDR in flat spacetime (the local free-fall
frame) and generalizes it to curved spacetime. To be as general as possible, we will work
with the MDR for a particle with mass m
E2 = F 2 (p) +m2, (1)
where we define
F (p) = p
∑
n=0
Cn
p2n
m2np
, (2)
mp is the Planck mass, C0 = 1, and E and p are the energy and the norm of the momen-
tum measured in some preferred reference frame, respectively. Note that the MDR (1) is
rotational invariant in 4D spacetime. To generalize the MDR (1) to curved spacetime with
the metric gµν , we denote by u
µ the unit vector field tangent to the observers’ world lines,
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which picks up a preferred frame. For a particle with the energy-momentum vector pµ, the
energy E and the norm of the momentum p of the particle measured by these observers are
E = pµu
µ, (3)
p2 = E2 − pµpµ. (4)
The curved spacetime generalization of the MDR (1) with a preferred frame described by uµ
is obtained by plugging eqns. (3) and (4) into eqn. (1). To obtain the deformed Hamilton-
Jacobi equation incorporating the MDR, one needs to relate the classical action I to pµ.
In fact, it can be shown that, if I is a solution of the Hamilton-Jacobi equation, then the
transformation equations give
pµ = −∂µI, (5)
where − appears since pµ = (E,−~p) in our metric signature. Replacing pµ with I via
eqn. (5) and putting eqns. (3) and (4) into eqn. (1) gives the deformed Hamilton-Jacobi
equation. In the appendix of [39], the deformed Hamilton-Jacobi equation is also derived
in the language of the effective field theory for a scalar field and a fermion one. There we
considered a scalar/fermion with the mass m and charge q in a static black hole with the
presence of electromagnetic potential Aµ. Neglecting self-interacting effective operators, we
constructed the U (1) gauge invariant effective field theory incorporating the MDR. The de-
formed Klein–Gordon/Dirac equation was derived. The deformed Hamilton-Jacobi equation
for scalars/fermions was then obtained using the WKB approximation. It was found there
that the deformed scalar/fermionic Hamilton-Jacobi equation with respect to the preferred
frame uµ in the black hole background spacetime can be written as
T 2 = F 2 (X) +m2, (6)
where
T = −uµ (∂µI + qAµ) , X2 = T 2 − (∂µI + qAµ)2 , (7)
Aµ is the black hole’s electromagnetic potential and q is the particle’s charge.
As in [39], we here consider the black hole whose metric in the Schwarzschild-like coor-
dinate is given by
ds2 = f (r) dt2 − dr
2
f (r)
− C (r2)hab (x) dxadxb, (8)
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where f (r) has a simple zero at r = rh with f
′ (rh) being finite and nonzero. The vanishing
of f (r) at point r = rh indicates the presence of an event horizon. We also assumed that
the black hole is asymptotically flat which gives f (r) → 1 as r → ∞. However, a more
suitable coordinate for describing a specific family of freely falling observers is the Painleve-
Gullstrand (PG) coordinate[5, 6, 40]. The PG coordinate anchored to the freely falling
observers along the radial direction takes the form of
ds2 = dt2p − [dr − v (r) dtp]2 − C
(
r2
)
hab (x) dx
adxb, (9)
where v (r) is the velocity of the free fall observer with respect to the rest observer and tp
measures proper time along them. The spacetime also has the event horizon at rh satisfying
v (rh) = −1. We assume v < 0, dv/dr > 0 and v → v0 ≤ 0 as r → ∞. Note that
v < 0 means the infalling observers. For simplicity we specialize to the particular family
of observers with v0 = 0 who start at infinity with a zero initial velocity. Since the vector
field uµ of the freely falling observers is tangent to the infalling world lines, one has for the
infalling observers along the radial direction with v0 = 0 that
uµ =
(
1, v (r) ,~0
)
(10)
in the PG coordinate and
uµ =
(
1
f (r)
,
√
1− f (r),~0
)
(11)
in the Schwarzschild-like coordinate. The fact that tp is the proper time along the infalling
world lines means that uµ is equal to the gradient of tp,
uµ = ∂µtp. (12)
Using eqns. (11) and (12) gives
tp = t +
∫ √
1− f (r)
f (r)
dr. (13)
Substituting eqn. (13) into the PG metric (9) and comparing it to the Schwarzschild-like
coordinate (8), one finds
v (r) = −
√
1− f (r). (14)
In the PG coordinate, one can use eqn. (10) to show that eqn. (7) becomes
T = − (∂tI + qAt)− v (r) (∂rI + qAr) ,
X2 = (∂rI + qAr)
2 +
hab (x) (∂aI + qAa) (∂bI + qAb)
C (r2)
. (15)
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Note that ∂t and ∂tp are Killing vectors in the Schwarzschild-like coordinate and the PG
coordinate, respectively. For the energy-momentum vector pµ, eqn. (13) gives us that its
Killing energies associated with ∂t and ∂tp are the same. Let ω denote the Killing energies
in the PG and Schwarzschild-like coordinates. Explicitly, one has ω = ∂µt pµ = ∂
µ
tppµ, which
is a constant.
B. Massive and Charged Particle to O (m−2p )
Since ω = −∂tpI is the conserved energy of the particle, we can separate t from other
variables. Thus, we employ the following ansatz for the action I
I = −ωt+W (r) + Θ (x) . (16)
The vector potential Aµ is assumed to be given by
Aµ = At (r) δµt, (17)
which is true for charged static black holes in most cases. Putting the ansatz (16) into eqn.
(15), we have
T = ω˜ (r)− v (r) pr,
X2 = p2r +
hab (x) ∂aΘ (x) ∂bΘ (x)
C (r2)
, (18)
where ω˜ (r) = ω − qAt (r) and pr = ∂rW . The method of separation of variables gives the
differential equation for Θ (x)
hab (x) ∂aΘ (x) ∂bΘ (x) = λ, (19)
where is λ is a constant and determined by hab (x). Thus, one has
X2 = p2r +
λ
C (r2)
, (20)
and eqn. (6) becomes an ordinary differential equation for W (r).
We consider a particle with mass m and charge q. Solving eqn.(6) for pr gives
p±r =
±√Λ +√1− f
f
ω˜ (r)∓ C1
m2p
[
1±√(1− f) Λ]4 ω˜3 (r)
f 4
√
Λ
+O (m−4p ) , (21)
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where +/− denotes the outgoing/ingoing solutions and Λ = 1 −
m2+ λ
C(r2)
ω˜2(r)
. Here, p+r has a
pole at r = rh. To obtain the residue of p
+
r at r = rh, one expands f (r) and C (r
2) at r = rh
f (r) ∼ 2κ (r − rh)
[
1 + ηκ (r − rh) + θκ2 (r − rh)2 + ρκ3 (r − rh)3
]
,
C
(
r2
) ∼ C (r2h) [1 + c1κ (r − rh) + c2κ2 (r − rh)2 + c3κ3 (r − rh)3] ,
ω˜ (r) ∼ ω˜ (rh)
[
1 + ω1κ (r − rh) + ω2κ2 (r − rh)2 + ω3κ3 (r − rh)3
]
(22)
where κ = f ′ (rh) /2. Using the residue theory for the semi circles, we get
ImW+ (r) =
ω˜ (rh) π
κ
(1 + ∆) , (23)
where we define
∆ =
C1
2m2p
[
δλλ
C (r2h)
+ δmm
2 + δωω˜
2 (rh)
]
+O (m−4p ) ,
δλ = 3 + 2c
2
1 − 2c2 + 12η + 12η2 − 6θ + c1 (6 + 6η − 2ω1)− 6ω1 − 6ηω1 + 2ω2,
δm = −1 + 12η2 − 6θ + η (4− 6ω1)− 2ω1 + 2ω2,
δω = 40η
3 − 12θ + 8ρ+ η2 (24− 60ω1)− 3ω1 + 24θω1 + 12ω21
− 2ω21 + 12ω2 − 12ω1ω2 + η
(
2− 40θ − 36ω1 + 24ω21 + 24ω2
)− 6ω3. (24)
On the other hand, one can use eqns. (22) to expand p−r at r = rh. It turns out that the
residue of p−r at r = rh is zero. Hence, we have ImW− (r) = 0. As shown in [39], the
probability of a particle tunneling from inside to outside the horizon is
Pemit ∝ exp
[
−2
~
(ImW+ − ImW−)
]
. (25)
There is a Boltzmann factor in Pemit with an effective temperature, which is
Teff =
T0
1 + ∆
. (26)
It is interesting to note that we have calculated ∆ in the static preferred frame in [39]. For
emitted particles with mass m and charge q, we found
∆ = − C1
2m2p
[
2 (3ω1 − η) ω˜2 (rh) + λ
C (r2h)
+m2
]
+O (m−4p ) . (27)
8
C. Massless and Neutral Particle to All Orders
We now work with a particle with m = 0 and q = 0. To get all order result, we let λ = 0.
Note that one has λ = 0 for the solution in a 2D black hole or the s-wave solution in a 4D
spherically symmetric black hole. In this case, we can use the following ansatz for the action
I
I = −ωt+W (r) . (28)
Hence, the deformed Hamilton-Jacobi equation becomes
(ω − vpr)2 = p2r
(∑
n=0
Cn
p2nr
m2np
)2
, (29)
where pr = ∂rW . We will prove by induction that the solutions to eqn. (29) take the form
of
p±r =
±ω
1± v
[
1 +
∞∑
i=1
ω2i
m2ip
i−1∑
j=0
Ci,j
(1± v)3i−j
]
, (30)
where Ci,j is determined by Cn. In fact, it is easy to see that
p±r =
±ω
1± v
[
1− C1ω
2
m2p (1± v)3
+
ω4 [3C21 − C2 (1± v)]
m4p (1± v)6
+O
(
ω6
m6p
)]
. (31)
Suppose for some integer N > 1 such that
p±r,N =
±ω
1± v
[
1 +
N∑
i=1
ω2i
m2ip
i−1∑
j=0
Ci,j
(1± v)3i−j
]
(32)
satisfy eqn. (29) at O
(
ω2N
m2Np
)
. Plugging pr = p
±
r,N +
α±ω2N+2
m2N+2p
ω
1±v
into eqn. (29) , one finds
that the terms of O
(
ω2N+2
m2N+2p
)
gives
α± =
PN−1 (1± v)
(1± v)3(N+1)
, (33)
where PN−1 (x) is some polynomial of x with degree N − 1. This completes the proof that
eqn. (30) are solutions to eqn. (29) to all orders. We define the residue of 1
(1+v)n
at r = rh
as
Res
(
1
(1 + v)n
, rh
)
=
Rn
κ
, (34)
where R1 = 1. Thus, one obtains
ImW+ =
ωπ
κ
(1 + ∆) , ImW− = 0, (35)
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where we define
∆ =
∞∑
i=1
δiω
2i
m2ip
with δi =
(
i−1∑
j=0
Ci,jR3i+1−j
)
. (36)
Using eqn. (25) gives the effective temperature
Teff =
T0
1 + ∆
. (37)
D. Discussion
When we use the residue theory for the semi circles to give eqns. (23) and (35), an as-
sumption proposed in [39] is needed. The assumption requires that the singularity structure
of ∂rI except the order of the pole at r = rh do not change after the MDR is introduced. It
follows that ω . mp. A complete theory of quantum gravity might been needed to justify
this assumption.
In most works of the dispersive models, much attention have been paid to the modifica-
tions of the asymptotic spectrum. Since the tunneling across the horizon takes place near
the horizon, the near horizon spectrum of radiations is computed in the paper. The effects
of scattering off the background need to be included if the asymptotic spectrum at infinity
is considered. In most works, 2D spacetime has been considered. The higher order terms
in the MDR violate conformal invariance of 2D spacetime, hence there is some scattering.
Our calculations show that the spectrum of radiation near the horizon is close to a perfect
thermal spectrum in the dispersive models. The thermal asymptotic spectrum has been
recovered at leading order in previous studies. Thus, the energy fluxes of radiations are
not significantly affected by the effects of scattering off the background. However, as noted
in [39], the scattering effects might dramatically change the spectrum of radiations in the
dispersive models with the static preferred frame.
III. ENTROPY IN BRICK WALL MODEL
Bekenstein and Hawking showed that the entropy of a black hole is proportional to the
area of the horizon[42–44]. Although all the evidences suggest that the Bekenstein-Hawking
entropy is the thermodynamic entropy, the statistical origin of the black hole entropy has
not yet been fully understood. It appears that an unavoidable candidate for the statistical
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origin is the entropy of the thermal atmosphere of the black hole.
However, the entropy diverges when we attempt to calculate the entropy of the thermal
atmosphere. There are two kinds of divergences. The first one is due to infinite volume of
the system, which has to do with the contribution from the vacuum surrounding the system
at large distances and is of little relevance here. The second one arises from the infinite
volume of the deep throat region near the horizon. To regulate the divergences, t’ Hooft [45]
proposed the brick wall model for a scalar field φ, where two brick wall cutoffs are introduced
at some small distance rε from the horizon and at a large distance L≫ rh,
φ = 0 at r = rh + rε and r = L. (38)
In the following, we will use the brick wall model to calculate the entropy of a scalar field
for a 4D spherically symmetric black hole and a 2D one. For a 4D spherically symmetric
black hole, the entropy will be calculated to O
(
m−2p
)
. For the 2D black hole, we will obtain
all order results in the cases with the static and free-fall preferred frames for comparison.
For simplicity, we assume that the scalar field is massless and neutral.
A. 4D Spherically Symmetric Black Hole
For a 4D spherically symmetric black hole with the Schwarzschild-like coordinate
ds2 = f (r) dt2 − dr
2
f (r)
− C (r2) (dθ2 + sin2 θdφ2) , (39)
we have shown that λ =
(
l + 1
2
)2
~
2 with the angular momentum l = 0, 1, · · · and the
corresponding degeneracy is 2l + 1[39]. Thus, the atmosphere entropy of a massless scalar
field can be expressed in the form of
S =
∫
(2l + 1) dl
∫
dω
dn (ω, l)
dω
sω,l, (40)
where ω is the Killing energy associated with t, l is the angular momentum, n (ω, l) is the
number of one-particle states not exceeding ω with fixed value of angular momentum l, and
sω,l is the thermal entropy per mode. Taking the MDR corrections to both n (ω, l) and
the Hawking temperature into consideration, we used the brick wall model to calculate this
entropy to all orders in [39], where the static preferred frame is used to import a MDR to
the black hole background. By contrast, here the MDR corrected atmosphere entropy of the
black hole is computed to O (m−2p ) in the free-fall scenario.
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For particles emitted in a wave mode labelled by energy ω and l, we find that
(Probability for a black hole to emit a particle in this mode)
= exp
(
− ω
Teff
)
× (Probability for a black hole to absorb a particle in the same mode),
where Teff is given by eqn. (26). The above relation for the usual dispersion relation was
obtained by Hartle and Hawking [50] using semiclassical analysis. Neglecting back-reaction,
detailed balance condition requires that the ratio of the probability of having N particles
in a particular mode to the probability of having N − 1 particles in the same mode is
exp
(
− ω
Teff
)
. One then follows the argument in [39] to get the average number nω,l in the
mode
nω,l = n
(
ω
Teff
)
, (41)
where we define
n (x) =
1
exp x− (−1)ǫ . (42)
Note that ǫ = 0 for bosons and ǫ = 1 for fermions. The von Neumann entropy for the mode
is
sω,l = [nω,l + (−1)ǫ] ln [1 + (−1)ǫ nω,l]− nω,l lnnω,l. (43)
Moreover, the entropy per mode sω,l can be put in the form of
sω,l = s
(
ω
Teff
)
, (44)
where the s (x) is given by
s (x) =
(−1)ǫ exp x
exp x− (−1)ǫ ln
[
exp x
exp x− (−1)ǫ
]
+
ln [exp x− (−1)ǫ]
exp x− (−1)ǫ . (45)
Defining u = ω
T0
and expanding sω,l to O
(
m−2p
)
give
sω,l ≈ s (u) + s′ (u)u∆, (46)
where one has
∆ =
C1δλz
2
+
C1δωT
2
0
2m2p
u2. (47)
In the brick wall model, t’ Hooft’ found that the number of one-particle states not ex-
ceeding ω fixed value l is
n (ω, l) =
1
2π~
∮
prdr, (48)
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where the integral
∮
prdr was calculated in the Schwarzschild-like coordinate. Nevertheless,
we calculate p±r in the PG coordinate in section II. In [48, 49], the integral
∮
prdr has been
found invariant under canonical transformations. Hence, the number states n (ω, l) given in
eqn. (48) is the same in the Schwarzschild-like and PG coordinates and one does not need
to re-calculate it in different coordinates. Define the radial wave number k (r, l, ω) by
k± (r, l, ω) = p±r , (49)
as long as p±2r ≥ 0, and k± (r, l, ω) = 0 otherwise. With these two Dirichlet boundaries, one
finds that the number of one-particle states not exceeding ω fixed value l is
n (ω, l) =
1
2π~
[∫ L
rh+rε
k+ (r, l, ω) dr +
∫ rh+rε
L
k− (r, l, ω)dr
]
. (50)
The p±r in eqn. (49) are given by eqn. (21) in section II. For a massless and neutral scalar
field, one thus has
p±r =
±√Λ+√1− f
f
ω ∓ C1
m2p
[
1±
√
Λ (1− f)
]4
ω3
f 4
√
Λ
+O (m−4p ) , (51)
where Λ = 1− f (l+
1
2)
2
~2
C(r2)ω2
.
Integrating by parts, one finds the entropy becomes
S = − 1
π~
∫
(2l + 1) dl
∫
du
∂sω,l
∂u
∫ L
rh+rε
k (r, l, ω) dr, (52)
where we define k (r, l, ω) = k
+(r,l,ω)−k−(r,l,ω)
2
. Plugging eqns. (51) and (46) into eqn. (52)
and performing the l integral which runs over the region where Λ > 0, we find that the
entropy to O (m−2p ) becomes
S ≈ C (r
2
h) T
3
0
π~3
∫
u2du
∫ L
rh+rε
C (r2)
C (r2h)
dr
f 2
{
2s (u) +
C1δωT
2
0
m2p
u3s′ (u) +
2C1δλC (r
2) T 20
3fC (r2h)m
2
p
u3s′ (u)
−5C1T
2
0 u
2s (u)
2m2pf
3
(
12− 48f
5
+
f 2
2
− 7f
4
32
)}
, (53)
where second and third terms in the bracket come from the MDR corrections to the Hawking
temperature and the fourth term from the MDR corrections to n (ω, l). Focusing on the
divergent parts near horizon, we obtain for the nonnegative integers a and n∫
rh+rε
Ca (r2)
Ca (r2h)
dr
f (r)n+1
∼ 1
2n+1κ
n−1∑
k=0
f˜n,ak
n− k (κrε)
k−n − f˜
n,a
n
2n+1κ
ln κrε, (54)
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where we expand f (r)−n and
Ca(r2)
Ca(r2h)
at r = rh
f (r)−n = 2−nκ−n (r − rh)−n
∞∑
j=0
fnj κ
j (r − rh)j ,
Ca (r2)
Ca (r2h)
=
∑
i=0
cai κ
i (r − rh)i , (55)
and define f˜n,ak =
∑k
j=0 f
n+1
j c
a
k−j. In eqn. (54) , we neglect finite terms as κrε → 0 and
terms involving L. Note that we define κ = f
′(rh)
2
which is the surface gravity for the black
hole and hence T0 =
~κ
2π
. Thus, the divergent part of entropy near the horizon to O (m−2p ) is
S ∼ C (r
2
h)κ
2
16π4
∫
s (u)u2du
(
1
κrε
− (c1 − 2η) ln κrε
)
− C (r
2
h)κ
2
16π4
m2pκ
2
4π2
∫
s (u) u4du
{
5C1δω
2
(
f˜ 1,10
κrε
− f˜ 1,11 ln κrε
)
+
5C1δλ
6
[
1∑
k=0
f˜ 2,2k
2− k (κrε)
k−2 − f˜ 2,22 lnκrε
]
+ 5C1
[
12
32
3∑
k=0
f˜ 4,1k
4− k (κrε)
k−4 − 3
5
2∑
k=0
f˜ 3,1k
3− k (κrε)
k−3 +
f˜ 1,10
8κrε
+
(
7f˜ 0,10
64
− f˜
1,1
1
8
+
3f˜ 3,13
5
− 12f˜
4,1
4
32
)
lnκrε
]}
. (56)
B. 2D Black Hole in Free-fall Scenario
Consider a 2D black hole with the metric of
ds2 = f (r) dt2 − dr
2
f (r)
, (57)
in the Schwarzschild-like coordinate. The atmosphere entropy of a massless scalar field is
S =
∫
dω
dn (ω, l)
dω
sω, (58)
where sω is the entropy per mode. Define the radial wave number k (r, ω) by
k± (r, ω) = p±r , (59)
as long as p±2r ≥ 0, and k± (r, ω) = 0 otherwise. The p±r in eqn. (59) are given in eqn. (30)
in section II. The number of one-particle states not exceeding ω is
n (ω) =
1
2π~
∫ L
rh+rε
(
k+r − k−r
)
dr. (60)
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Defining the coefficients σqs by
∆q =
(mpκ
2π
)2q
u2q
∞∑
s=0
σqs
(mpκ
2π
)2s
u2s, (61)
one has for sω
sω = s
(
ω
Teff
)
=
∞∑
r=0
r∑
q=0
s(q) (u)uq+2rσqr−q
q!
(mpκ
2π
)2r
, (62)
where u = ω
T0
and we use eqn. (37) for Teff . Expanding (1 + v)
i at r = rh
(1 + v)i = κi (r − rh)i
∞∑
j=0
vijκ
j (r − rh)j , (63)
we find the divergent part of entropy near the horizon becomes
S ∼ − 1
4π2
ln κrε
∞∑
r=0
∞∑
i=0
r∑
q=0
(2i+ 1) ηiσ
q
r−q
q!
(mpκ
2π
)2i+2r ∫
dus(q) (u)uq+2r+2i
+
1
4π2
∞∑
l=1
1
l (κrε)
l
(mpκ
2π
)2⌈l/3⌉ ∞∑
r=0
∞∑
i=0
r∑
q=0
ξi,lσ
q
r−q
q!
(mpκ
2π
)2i+2r ∫
dus(q) (u)uq+2r+2i+2⌈l/3⌉,
(64)
where ⌈x⌉ is the smallest integer that is not less than x and we define
ηi>0 =
i−1∑
j=0
Ci,jv
−3i+j−1
3i−j and η0 = 1,
ξi,l =
3i+3[l/3]+−l∑
j=0
(
2i+ 2 [l/3]+ + 1
)
Ci+[l/3]+,jv
−l
3i−j−l+3[l/3]+
. (65)
C. 2D Black Hole in Static Scenario
Following the conventions adopted in [39], the MDR for a massless scalar particle con-
sidered here takes the form of
p2 = F˜ 2 (E) , (66)
where we define
F˜ (E) = E
∞∑
n=0
C˜nE
2n
m2np
, (67)
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with C˜0 = 1. For a particle with the energy-momentum vector pµ, the energy ω and the
norm of the momentum p of the particle measured by the static observers hovering above
the 2D black hole with the metric (57) are
E =
pt√
f (r)
,
p2 = f (r) p2r. (68)
Relating pµ to the action I by pµ = −∂µI gives the deformed Hamilton-Jacobi equation
X2 = F˜ 2 (T ) , (69)
where
T =
ω√
f (r)
, X =
√
f (r)pr, (70)
and ω = ∂µt pµ is the Killing energy with respect to t. Solving eqn. (69) for pr, one could
define the radial wave number k (r, ω) by
k (r, ω) = |pr| , (71)
as long as p2r ≥ 0, and k (r, ω) = 0 otherwise. The number of one-particle states not
exceeding ω is
n (ω) =
1
π~
∫ L
rh+rε
krdr. (72)
The entropy per mode sω is
sω = s
(
ω
Teff
)
, (73)
where s (x) is given in eqn. (45) and Teff is the effective Hawking temperature. We calcu-
lated Teff in [39] and it was given by
Teff =
T0
1 + ∆
, (74)
where one has
∆ =
∞∑
k=1
η2k0 ζ
0
k
ω2k
m2kp
, (75)
and η2k0 and ζ
0
k are defined in [39]. Defining the coefficients σ˜
q
s by
∆˜q =
(mpκ
2π
)2q
u2q
∞∑
s=0
σ˜qs
(mpκ
2π
)2s
u2s, (76)
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we find the divergent part of entropy near the horizon becomes
S ∼ 1
4π2
∞∑
n=0
∞∑
r=0
r∑
q=0
(mpκ
2π
)2n+2r 2n+ 1
2n
σ˜qr−q
q!
C˜n
(
n∑
l=1
f˜n,0n−l
l (κrε)
l
− f˜n,0n ln rε
)∫
u2n+2r+qs(q) (u) du, (77)
where f˜n,ak with n ≥ k ≥ 0 are defined in eqn. (54).
D. Discussion
In [39] and this paper, we have calculated the divergent part of the near horizon at-
mosphere entropy of a massless scalar field for a 4D spherically symmetric black hole in
the static and free-fall scenarios, respectively. It appears that the divergent part in both
scenarios can be presented in the form of a Laurent series with respect to rε
S ∼ s
0
1
κrε
+ s00 ln κrε +
∞∑
i=1
T 2i0
m2ip
(
δi∑
j=1
sij (κrε)
−j + si0 ln κrε
)
, (78)
where δi = 2i + 1 in the static scenario and δi = 3i + 1 in the free-fall scenario. Although
we calculated the atmosphere entropy around the 4D black hole to O (m−2p ) in the free-fall
scenario, the 2D black hole result suggests that eqn. (78) might hold to all orders in this
scenario. For s01 and s
0
0 in eqn. (78), we find that
s01 =
Aκ2
720π
,
s00 = −
C (r2h)κ
2
180
(c1 − 2η) , (79)
where A = 4πC (r2h) is the horizon area. In the non-dispersive scenario (mp →∞), the terms
s01
κrε
and s00 ln κrε are the usual leading and subleading logarithmic divergent terms, respec-
tively. Note that s01 and s
0
0 have already been calculated in the non-dispersive scenario[45–47].
It seems from eqn. (78) that the near horizon divergence of the atmosphere entropy
gets worse for the higher order corrections in the MDR as κrε → 0. However, the higher
order contributions in eqn. (78) are always accompanied with the powers of the factor
T 2
0
m2p
=
(mpκ
2π
)2
. Thus, one might hope that the higher order divergent problem would become
less severe if rε somehow can be related to mp. One way to understand the value of rε is
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introducing the proper length for rε as
ε =
∫ rh+rε
rh
√
grrdr. (80)
The brick wall is put at r = rh + rε to cut off the unknown quantum physics of gravity. In
this sense, the invariant distance of the wall from the horizon ε could be given by ε ∼ mp.
Thus, we could define α such as ε = αmp. Indeed in the ’t Hooft’s original calculation,
equating
s01
κrε
to the Black hole’s Bekenstein-Hawking entropy SBH =
A
4m2p
gives
rε =
κm2p
180π
. (81)
Note that eqn. (80) depends on the chosen coordinate system. In the scenario without the
MDR, a natural choice is that ε is measured along a static time slice. Thus, eqn. (80) is
calculated in the Schwarzschild-like coordinate[45]. Assuming rε ≪ rh, one finds from eqn.
(80)
rε ≈ κε
2
2
. (82)
Thus, eqn. (81) gives
α =
√
1
90π
, (83)
where we reproduce ’t Hooft’s result.
In the static scenario, it is still natural to assume that ε is measured along a static time
slice. If we let ε = αmp in eqn. (78), we find the atmosphere entropy around the horizon
becomes
S ∼ A
4m2p
s˜0 + 2s
0
0 ln κmp + Finite terms as mpκ→ 0, (84)
where s˜0 was given in [39]. The leading divergent coefficient s˜0 is determined by the coef-
ficients C˜n in the MDR (67) and f
n
j and c
a
i which are defined in eqn. (55). For a general
black hole, fnj and c
a
i could depend on the parameters of the black hole. However, they are
pure numbers for a Schwarzschild black hole. Thus, for a Schwarzschild black hole, s˜0 does
not depend on the black hole’s properties and the leading divergent term in eqn. (84) scales
with the horizon area A.
In the free-fall scenario, one might prefer that the proper length ε is measured on a
time slice orthogonal to the free-fall world lines[51]. In this case, eqn. (80) for ε should
be calculated in the PG coordinate and one then has ε = rε. If one has ε = αmp, the
18
atmosphere entropy around the horizon becomes
S ∼ Aκ
720παmp
+ s00 ln κmp +
∞∑
l=1
sl
(mpκ)
l
+ Finite terms as mpκ→ 0, (85)
where we define sl =
∞∑
i=max{1,l−1}
si
l+2i
(2π)2iαl+2i
. Moreover, eqn. (85) might suggest that effects of
the MDR on the atmosphere entropy is nonperturbative in this case. Alternatively, inspired
by the static scenario, one could choose rε such that the higher order terms in eqn. (78)
have the same order of divergence as 1
κrε
. Here, we could have
rε = αm
2
3
p κ
− 1
3
, (86)
where α is some constant. In this case, the atmosphere entropy becomes
S ∼ s˜0
α (mpκ)
2
3
+
2s00
3
lnmpκ+ Finite terms as mpκ→ 0, (87)
where we define
s˜0 = s
0
1
[
1 +
∞∑
i=1
si3i+1
s01
(
2πα
3
2
)−2i]
. (88)
For a Schwarzschild black hole, the terms in the square bracket in eqn. (88) dose not
depend on the black hole’s properties and the leading divergent term in eqn. (87) scales
with Aκ
4
3m
− 2
3
p . In [51], the authors calculated the black hole horizon entanglement entropy
for a massless scalar field with the MDR imposed in a free-fall frame. With the sub- or
super-luminal dispersion with index n, they found that the entanglement entropy scales as
Aκ1+
1
nm
−1+ 1
n
p .
Following the argument proposed in [52], the authors in [53] obtained modified relations
between the mass of a Schwarzschild black hole and its temperature and entropy. The argu-
ment connecting a MDR and some modifications of the entropy of black holes is formulated
in a scheme of analysis first introduced by Bekenstein[43]. In fact, for the MDR in eqn. (1),
the modified temperature of the black hole was given by
Teff =
1
4π
F
(
m2p
2M
)
, (89)
whereM is the mass of the black hole. The first law of black hole thermodynamics dSB =
dM
T
and eqn. (2) lead to the modified entropy of the black hole
SB =
A
4m2p
+ 2πC1 ln κmp + Finite terms as mpκ→ 0, (90)
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where A = 16πM2 and κ = 1
4M
. It is interesting to note that the modifications of the
entropy of black holes in eqn. (90) are finite as mpκ → 0 except the logarithmic term. If
one wants the same story for the atmosphere entropy obtained in eqn. (78), one could have
rε = ακ
δ−1mδp for some constant α where 0 < δ ≤ 23 in the static scenario and 0 < δ ≤ 12 in
the free-fall scenario. Hence, the atmosphere entropy becomes
S ∼ s
0
1
α (κmp)
δ
+ s00δ ln κmp + Finite terms as mpκ→ 0, (91)
where the leading divergent term scales with Aκ2−δm−δp for a Schwarzschild black hole. The
coefficient of the logarithmic term in eqn. (90) depends on C1, a coefficient of the MDR.
However, we show that the coefficient of the subleading logarithmic term in the atmosphere
entropy is irrelevant to coefficients of the MDR. It only depends on the position of the wall,
rε and the properties of the black hole.
For a 2D black hole with the Schwarzschild-like coordinate
ds2 = f (r) dt2 − dr
2
f (r)
, (92)
the atmosphere entropy of a massless scalar can also be presented in the form of a Laurent
series with respect to rε
S ∼ s00 ln κrε +
∞∑
i=1
T 2i0
m2ip
(
δi∑
j=1
sij (κrε)
−j + si0 ln κrε
)
, (93)
where δi = 2i in the static scenario and δi = 3i in the free-fall scenario. From eqns. (64)
and (84), one has s00 = − 112 . In the static scenario, if we assume that the proper length ε
is measured along a static time slice and ε = αmp, the atmosphere entropy of a massless
scalar becomes
S ∼ −1
6
ln κmp + Finite terms as κmp → 0, (94)
where the same leading logarithmic term was also obtained in [54] for the scenario without
the MDR. In the free-fall scenario, if the proper length ε is assumed to be measured on a
time slice orthogonal to the free-fall world lines and we let ε = αmp, the atmosphere entropy
of a massless scalar becomes
S ∼ − 1
12
lnκmp +
1
4π2
∞∑
n=1
sn
(κmp)
n + Finite terms as κmp → 0, (95)
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where sn can be determined by eqn. (64). If we want that the modifications of the entropy
of black holes in eqn. (93) are finite, we could have rε = ακ
δ−1mδp for some constant α where
0 < δ ≤ 2
3
for some constant α. The entropy then becomes
S ∼ − δ
12
ln κmp + Finite terms as κmp → 0. (96)
IV. BLACK HOLE EVAPORATION
In the section, we discuss the MDR effects on the evaporations of a Schwarzschild black
hole to O
(
T 20
m2p
)
in the free-fall scenario. For simplicity, we assume that the emitted particles
are massless. In [55], Page counted the number of modes per frequency interval with periodic
boundary conditions in a large container around the black hole and divided it by the time
it takes a particle to cross the container. He then related the expected number emitted per
mode nω,l to the average emission rate per frequency interval
dnω,l
dt
by
dnω,l
dt
= nω,l
dω
2π~
, (97)
for each mode and frequency interval (ω, ω + dω). Following the same argument, we find
that in the MDR case
dnω,l
dt
= nω,l
∂ω
∂pr
dpr
2π~
= nω,l
dω
2π~
, (98)
where ∂ω
∂pr
is the radial velocity of the particle and the number of modes between the wavevec-
tor interval (pr, pr + dpr) is
dpr
2π~
. Since each particle carries off the energy ω, the total lumi-
nosity is obtained from
dnω,l
dt
by multiplying by the energy ω and summing up over all energy
ω and l,
L =
∑
l=0
(2l + 1)
∫
ωnω,l
dω
2π~
. (99)
However, some of the radiation emitted by the horizon might not be able to reach the
asymptotic region. Before the radiation reaches the distant observer, they must pass the
curved spacetime around the black hole horizon, which plays the role of a potential barrier.
This effect on L can be described by a greybody factor from the scattering coefficients of
the black hole. Actually, the greybody factor is given by |Tl (ω)|2, where Tl (ω) represents
the transmission coefficient of the black hole barrier which in general depends on the energy
ω and angular momentum l of the particle. Taking the greybody factor into account, we
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find for the total luminosity
L =
∑
l=0
(2l + 1)
∫
|Tl (ω)|2 ωnω,l dω
2π~
. (100)
The relevant radiation usually have the energy of order ~M−1 for a black hole with the mass
M, one hence needs to use the wave equations given in the appendix of [39] to compute
|Tl (ω)|2 accurately. However, solving the wave equations for |Tl (ω)|2 could be very com-
plicated. On the other hand, we can use the geometric optics approximation to estimate
|Tl (ω)|2. In the geometric optics approximation, we assume ω ≫ M and high energy waves
will be absorbed unless they are aimed away from the black hole. Hence |Tl (ω)|2 = 1 for all
the classically allowed energy ω and the angular momentum l, while |Ti (E)|2 = 0 otherwise.
For the usual dispersion relation, the well-known Stefan’s law for black holes is obtained in
this approximation.
To find the classically allowed angular momentum l with fixed value of energy ω, we
consider eqn. (6) for a massless particle in the Schwarzschild black hole with the mass M .
Solving eqn. (6) for λ to O (m−2p ) gives
λ
r2
= (ω − vpr)2 − 2C1
m2p
(ω − vpr)4 − p2r, (101)
where we have λ =
(
l + 1
2
)2
~
2, v (r) = −
√
2M
r
and C1 is given in eqn. (1). In the geometric
optics approximation, pr is always a real number. In the non-dipsersive case (mp →∞), the
maximum of the RHS of eqn. (101) is ω
2
1− 2M
r
. Thus, one has
λ ≤ r
2ω2
1− 2M
r
, (102)
where the RHS has a minimum at rmin = 3M , which is 27M
2ω2. If the particles overcome the
angular momentum barrier and get absorbed by the black hole, one must have λ ≤ 27M2ω2.
In the geometric optics approximation, the Schwarzschild black hole is just like a black sphere
of radius R = 33/2M [57]. When the second term in the RHS of eqn. (101) is included, the
maximum of the RHS is shifted to
Ω ≡ ω
2
1− 2M
r
− 2C1ω
2
m2p
ω2(
1− 2M
r
)4 . (103)
The minimum of r2Ω is then shifted to
λmax ≡ 27M2ω2
(
1− 54C2ω
2
m2p
)
. (104)
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Therefore, the particle must have λ ≤ λmax to get absorbed by the black hole. The eqn.
(100) then becomes
L =
∫
ωdω
2π~3
∫ λmax
0
n
(
ω (1 + ∆)
T0
)
dλ, (105)
where eqn. (41) for nω,l is used. For a massless particle in the Schwarzschild black hole, eqn.
(24) gives
∆ = − C1
2m2p
(
20ω2 − 3λ
4M2
)
. (106)
Expanding n
(
ω(1+∆)
T0
)
to O (m−2p ) and then integrating eqn. (105), we find for the emission
of ns species of massless scalars and nf species of massless spin-1/2 fermions that the total
luminosity is
L =
9m2p
40960M2
[(
ns +
7
4
nf
)
− C1 (0.73ns + 1.41nf)
m2p
M2
+O
(
m3p
M3
)]
. (107)
To make a comparison with the static scenario, the results in [39] are given below for the
form of MDR (1) . In the static scenario, the correction to the Hawking temperature is
∆ = − C1
2m2p
(
4ω2 +
λ
4M2
)
, (108)
the maximum of the angular momentum is
λmax = 27M
2ω2
(
1− 6C1ω
2
m2p
)
, (109)
and the total luminosity is
L =
9m2p
40960πM2
[(
ns +
7
4
nf
)
+ C1 (0.48ns + 0.92nf)
m2p
M2
+O
(
m3p
M3
)]
. (110)
Note that the sign in front of C1 in eqn. (107) is different from that in eqn. (110) . For the
sub-luminal dispersion relation with C1 < 0, it means that the total luminosity increases
due to the MDR effects in the free-fall scenario while it decreases in the static scenario.
In the geometric optics approximation, the black hole can be described as a black sphere
for absorbing particles. The total luminosity are determined by the radius of the black
sphere R and the temperature of the black hole T . Note that one has R =
√
λmax
ω2
and
Teff ≈ T0 (1−∆). In the static scenarios, the MDR effects increase the radius of the black
sphere while they decrease the temperature of the black hole. The competition between the
increased radius and the decreased temperature determines whether the luminosity would
increase or decrease. It appears from eqn.(110) that the effects of decreased temperature
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win the competition. In the free-fall scenario, the MDR effects also increase the radius of
the black sphere. Due to the minus sign in front of 3λ
4M2
in eqn. (106), the temperature of
the black hole increases for λ > 80
3
M2ω2 and decreases for λ < 80
3
M2ω2, but more slowly
than in the static scenario. As a result, the effects of increased radius win the competition
and hence the luminosity increases. The opposite story happens to the super-luminal case
with C1 > 0.
V. CONCLUSION
In this paper, we used the Hamilton-Jacobi method to calculate tunneling rates of radi-
ations across the horizon and the effective Hawking temperatures in the dispersive models
with the free-fall preferred frame. After the near horizon spectrum of radiations was ob-
tained, the thermal entropy of radiations near the horizon and luminosity of the black hole
were computed. Our main results are:
• In section II, we first derived the deformed Hamilton-Jacobi equations in the dispersive
models with the free-fall preferred frame. The deformed Hamilton-Jacobi equations
were then solved for ∂rI and the imaginary part of I was obtained. The corrections
to the Hawking temperature were calculated for massive and charged particles to
O (m−2p ) and neutral and massless particles with λ = 0 to all orders, respectively. It
was found that corrections were suppressed by mp.
• In section III, we used the brick wall model to compute the thermal entropy of a
massless scalar field near the horizon of a 4D spherically symmetric black hole and a
2D one. For a 4D black hole, the entropy near the horizon have been calculated to
O (m−2p ) and could be written in the form of eqn. (78). The entropy became divergent
as the wall approached the horizon. Various choices of the proper distance between
the wall and the horizon and the corresponding entropies have been discussed. For a
2D black hole, entropies in the static and free-fall scenarios have been calculated to all
orders. The leading divergent terms were logarithmic. Nevertheless, their coefficients
depended on choices of the proper distance between the wall and the horizon.
• In section IV, we calculated luminosities of a Schwarzschild black hole with the mass
M ≫ mp. We used the geometric optics approximation to estimate the effects of
24
scattering off the background. Comparison between the static scenario and the free-
fall one has been given there.
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